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1 Proofs

We here present proofs of each introduced result and Table 1 summarizing notation.

Theorem 1. Every deterministic policy defined over abstract states and φ-relative options,

πφ,Oφ : Sφ → Oφ, induces a unique Markov policy in the ground MDP, π⇓φ,Oφ : S → A. We

denote Π⇓φ,Oφ as the set of policies in the original MDP representable by the pair (φ,Oφ) via

this mapping.

Proof. Consider an arbitrary deterministic policy πφ,Oφ . By definition, this policy assigns
one option to each abstract state. Let Oπ denote the set of options this policy assigns.

By construction of φ-relative options, for every ground state s ∈ S there is one unique
option oφ(s) ∈ Oπ that can be executed in s.

Therefore, we construct a policy π⇓φ,Oφ as the combination of option policies in Oπ. Specif-

ically, letting πoφ(s) denote the option policy of the option in Oπ that is assigned to φ(s):

π⇓φ,Oφ(s) = πoφ(s)(s) (16)

This construction is visualized in Figure 2.
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(b) Construction of π⇓
φ,Oφ .

Figure 2: The process of inducing a grounded policy π⇓φ,Oφ from πφ,Oφ .

Theorem 2. (Main Result) For any φ such that L(φ) ≤ εφ, the two introduced classes of
φ-relative options satisfy:

L(φ,Oφ,Q∗ε ) ≤ εQ
1− γ , L(φ,Oφ,Mε

) ≤ εR + |S|εTVMax

1− γ . (17)
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φ A state abstraction function.
Oφ A set of φ-relative options.
πφ,Oφ A policy that maps each abstract state to an option.

π⇓φ,Oφ A policy over S and A, induced by πφ,Oφ .

Hn A hierarchy of depth n, denoting (φ(n),O(n)
φ ).

φ(n) A list of n state abstractions, where φi : Sφ,i−1 → Sφ,i.
φi The i-th state abstraction in a list φ(n).
φi The result of applying the first i state abstractions to s, φi(. . . φ1(s)).
Sφ,i The i-th abstract state space.
V πi The value function of level i policy π defined according to Ri, Ti, Oφ,i, Sφ,i.
Oφ,i The options available at level i, with each option component defined over states in Sφ,i−1.
Ri The reward function of level i.
Ti The reward function of level i.
πi The policy over level i of the hierarchy

π↓i A policy over Sφ,i−1 and Oφ,i−1, induced by πi.

π⇓i A policy over S and A, induced by πi.

Table 1: Notation

We prove this claim using two separate proofs, the first targets the Oφ,Q∗ε class of options,
and the second, Oφ,Mε

.

Proof. (L(φ,Oφ,Q∗ε ) ≤ εQ
1−γ )

Consider L(φ,Oφ,Q∗ε ) = minπ⇓φ,Oφ∈Π⇓φ,Oφ
maxs∈S |V ∗(s) − V π

⇓
φ,Oφ (s)|. Since V ∗(s) ≥ V π(s)

for all π, we henceforth drop the absolute value for convenience.

To proceed, we first define o∗sφ to be the φ-relative option that executes π∗ in every state
and terminates when it leaves the abstract state sφ:

o∗sφ := ∀s∈S :〈Io∗(s) ≡ φ(s) = sφ, (18)

β(s) ≡ φ(s) 6= sφ, (19)

π(s) = π∗(s)〉. (20)

Note that since o∗sφ always chooses actions according to π∗, that Q∗sφ(s, o∗sφ) = V ∗(s) (where

Q∗sφ is defined according to Equation 6).

Then, by the Q∗ε predicate, we can construct a policy over abstract states and options
µφ,Oφ ∈ Πφ,Oφ with the following property:

∀sφ∈Sφ,s∈sφ : Q∗sφ(s, o∗sφ)−Q∗sφ(s, µφ,Oφ(sφ)) ≤ εQ. (21)

Note that µφ,Oφ(sφ) outputs an option. As in Equation 21, we henceforth denote sφ = φ(s)
and correspondingly s′φ = φ(s′).

Then it must be the case that

L(φ,Oφ,Q∗ε ) ≤ max
s∈S

V ∗(s)− V µ
⇓
φ,Oφ (s). (22)

Let Q∗t (s, o) denote the expected discounted reward of executing option o, then executing t
options under µφ,Oφ , then following the optimal policy thereafter. Note that

lim
t→∞

Q∗t (s, µφ,Oφ(sφ)) = V
µ⇓φ,Oφ (s), (23)
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because Q∗t (s, µφ,Oφ(sφ)) is the expected discounted reward of executing t+1 options under
µφ,Oφ , then following the optimal policy thereafter.

We next show by induction on t that

max
s∈S

V ∗(s)− V µ
⇓
φ,Oφ (s) = max

s∈S
lim
t→∞

V ∗(s)−Q∗t (s, µφ,Oφ(sφ)) ≤ εQ
1− γ . (24)

In particular, we wish to show that

∀t∈N : max
s∈S

V ∗(s)−Q∗t (s, µφ,Oφ(sφ)) ≤
t∑

i=0

εQγ
i. (25)

(Base Case)
When t = 0, for all s ∈ S,

Q∗0(s, µφ,Oφ(sφ)) = Q∗sφ(s, µφ,Oφ(sφ)), (26)

because both quantities represent the expected discounted reward of executing the option
µφ,Oφ(sφ) then following the optimal policy thereafter. It follows that

max
s∈S

V ∗(s)−Q∗0(s, µφ,Oφ(sφ)) = max
s∈S

V ∗(s)−Q∗sφ(s, µφ,Oφ(sφ)), (27)

= max
s∈S

Q∗sφ(s, o∗sφ)−Q∗sφ(s, µφ,Oφ(sφ)), (28)

≤ εQ, (29)

=

0∑

i=0

εQγ
0, (30)

where the inequality holds by definition of µφ,Oφ .

(Inductive Case)
We assume as the inductive hypothesis that

max
s∈S

V ∗(s)−Q∗k(s, µφ,Oφ(sφ)) ≤
k∑

i=0

εQγ
i, (31)

and want to show that

max
s∈S

V ∗(s)−Q∗k+1(s, µφ,Oφ(sφ)) ≤
k+1∑

i=0

εQγ
i. (32)

To begin, fix s ∈ S and consider

V ∗(s)−Q∗k+1(s, µφ,Oφ(sφ)) (33)

= V ∗(s)−
(
Ro(s, µφ,Oφ(sφ)) +

∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))Q∗k(s′, µφ,Oφ(s′φ))

)
(34)

= V ∗(s)−Ro(s, µφ,Oφ(sφ))−
∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))Q∗k(s′, µφ,Oφ(s′φ)) (35)

where Ro and To indicate the reward and multi-time option models from Sutton et al. (1999).
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Now, subtract and add
∑
s′∈S To(s

′|s, µφ,Oφ(sφ))V ∗(s′):

= V ∗(s)−Ro(s, µφ,Oφ(sφ))−
∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))V ∗(s′) (36)

+
∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))V ∗(s′)−
∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))Q∗k(s′, µφ,Oφ(s′φ)) (37)

= V ∗(s)−Q∗sφ(s, µφ,Oφ(sφ)) (38)

+
∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))
[
V ∗(s′)−Q∗k(s′, µφ,Oφ(s′φ)

]
(39)

= Q∗sφ(s, o∗sφ)−Q∗sφ(s, µφ,Oφ(sφ)) (40)

+
∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))
[
V ∗(s′)−Q∗k(s′, µφ,Oφ(s′φ)

]
(41)

≤ εQ +
∑

s′∈S
To(s

′|s, µφ,Oφ(sφ))
[
V ∗(s′)−Q∗k(s′, µφ,Oφ(s′φ)

]
, (42)

by definition of µφ,Oφ . Continuing, we have that:

= εQ +
∑

s′∈S

∞∑

n=1

P(s′, n|s, µφ,Oφ(sφ))γn
[
V ∗(s′)−Q∗k(s′, µφ,Oφ(s′φ)

]
(43)

≤ εQ +
∑

s′∈S

∞∑

n=1

P(s′, n|s, µφ,Oφ(sφ))γn
k∑

i=0

εQγ
i, (44)

(45)

by the inductive hypothesis. Then:

= εQ + γ
∑

s′∈S

∞∑

n=0

P(s′, n+ 1|s, µφ,Oφ(sφ))γn
k∑

i=0

εQγ
i (46)

= εQ + γ

k∑

i=0

εQγ
i
∑

s′∈S

∞∑

n=0

P(s′, n+ 1|s, µφ,Oφ(sφ))γn (47)

≤ εQ + γ

k∑

i=0

εQγ
i · 1 (48)

=

k+1∑

i=0

εQγ
i, (49)

since P(s′, n+ 1|s, µφ,Oφ(sφ)) is a probability distribution and γ is less than 1.

All together, we’ve shown that V ∗(s)−Q∗k+1(s, µφ,Oφ(sφ)) ≤∑k+1
i=0 εQγ

i for all s ∈ S, which
implies that

max
s∈S

V ∗(s)−Q∗k+1(s, µφ,Oφ(sφ)) ≤
k+1∑

i=0

εQγ
i, (50)

as desired.

It follows by induction that

∀t∈N : max
s∈S

V ∗(s)−Q∗t (s, µφ,Oφ(sφ)) ≤
t∑

i=0

εQγ
i. (51)
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Therefore,

L(φ,Oφ,Q∗ε ) ≤ max
s∈S

V ∗(s)− V µ
⇓
φ,Oφ (s) (52)

= max
s∈S

lim
t→∞

V ∗(s)−Q∗t (s, µφ,Oφ(sφ)) (53)

≤ lim
t→∞

t∑

i=0

εQγ
i (54)

=
εQ

1− γ , (55)

which completes the proof.

Proof. (L(φ,Oφ,Mε
) ≤ εR+|S|εTVMax

1−γ )

Fix s ∈ S. Let sφ = φ(s). Consider any φ-relative option o1 that initiates in sφ. Then by
the Mε predicate, there exists an option o2 ∈ Oφ such that

||T s′s,o1 − T s
′

s,o2 ||∞ ≤ εT AND ||Rs,o1 −Rs,o2 ||∞ ≤ εR. (56)

Now, we consider the difference in optimal Q-values between o1 and o2. We first have that:

Q∗sφ(s, o1) = R(s, πo1(s)) + γ
∑

s′∈S
T (s′ | s, πo1(s))

(
1(s′ ∈ sφ)Q∗sφ(s′, o1) + 1(s′ 6∈ sφ)V ∗(s′)

)

= Ro(s, o1) +
∑

s′∈S
To(s

′|s, o1)V ∗(s′).

(57)

By symmetry,

Q∗sφ(s, o2) = Ro(s, o2) +
∑

s′∈S
To(s

′|s, o2)V ∗(s′). (58)

Therefore,

|Q∗sφ(s, o1)−Q∗sφ(s, o2)| = |Ro(s, o1)−Ro(s, o2) +
∑

s′∈S
To(s

′|s, o1)V ∗(s′) −
∑

s′∈S
To(s

′|s, o2)V ∗(s′)|

≤ |Ro(s, o1)−Ro(s, o2)|+ |
∑

s′∈S
(To(s

′|s, o1)− To(s′|s, o2))V ∗(s′)|

≤ |Ro(s, o1)−Ro(s, o2)|+
∑

s′∈S
|To(s′|s, o1)− To(s′|s, o2)||V ∗(s′)|

≤ εR + |S|εTVMax,
(59)

by the model similarity assumption. We have now shown that options with similar models
have similar Q-values with εQ = εR + |S|εTVMax. Therefore, by the previous result,

L(φ,Oφ,Mε) ≤
εR + |S|εTVMax

1− γ . (60)
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Lemma 1. Every deterministic policy πi defined according to the i-th level of a hierarchy,

Hn, induces a unique policy in the ground MDP, which we denote π⇓i .

Proof. The result follows from an identical strategy to the proof of Theorem 1.

Theorem 3. Consider two algorithms:

1. Aφ: given an MDP M , outputs a φ.

2. AOφ : given M and a φ, outputs a set of options O such that L(φ,O) ≤ εO.

Then, under Assumptions 1 and 2, by repeated application of Aφ and AOφ , we can construct
a hierarchy of depth n such that

L(Hn) = n(κ+ `), (61)

where ` is some upper bound on εφ + εO (and is the same value that appears in Assumption
2).

Proof. We present the proof of the bound for a two level hierarchy, but the same strategy
generalizes to n levels via induction.

Let ` be the known upper bound for L(φ,O). Then:

By Theorem 2: min
π1∈Π1

||V ∗0 − V
π↓1
0 ||∞ ≤ `

(62)

By Assumption 1: ∀π1∈Π1
: ||V π

↓
1

0 − V π1
1 ||∞ ≤ κ

(63)

Letting π�1 = arg min
π1∈Π1

||V ∗0 − V
π↓1
0 ||∞,by Assumption 2: min

π↓2∈Π↓2

||V π
�
1

1 − V π
↓
2

1 ||∞ ≤ `

(64)

By Assumption 1 ∀π↓2∈Π↓2
: ||V π

↓
2

1 − V π
⇓
2

0 ||∞ ≤ κ
(65)

Therefore, by the triangle inequality:

min
π2∈Π2

||V ∗0 − V
π⇓2
0 ||∞ ≤ 2κ+ 2`. (66)
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